We investigate the exact effect on ion trap quantum computation after field quantization. First an exact expression of failure probability from field quantization after many CNOT operations in Cirac-Zoller scheme is given. It is proportional to operation number and the amplitude of |1 x |0 y or |1 x |1 y in initial state, and inverse proportional to mean number of photons and amplitude of |0 x |0 y or |0 x |1 y in initial state. Then we calculate the failure probability when the limitation to mean number of photons in sideband transition is considered. When the initial state is |1 x |0 y or |1 x |1 y , after about 10 2 times of CNOT operations, failure probability is no less than 10 −2 , while 10 −2 is the known maximum threshold in fault-tolerant quantum computation. Then when the initial state is |1 x |0 y or |1 x |1 y , the number of CNOT gates on the same pair of physical qubits should be no more than 10 2 in one error-correction period, or else the computation cannot be implemented reliably. This conclusion can help to determine the number of CNOT operations between coding and decoding in one error-correction period in fault-tolerant quantum computation.
Introduction
Quantum computers (QC) can solve some problems considered intractable on classical computers [1, 2] . The difficulty of these problems on classical computers is the foundation of some widely used public-key cryptosystems [3, 4] . Many physical realization schemes of QC have been proposed. Among them, the ones which are driven by coherent field are the most promising. Examples of this type of scheme are cold ion-trap scheme (Cirac-Zoller scheme) [5] , cavity quantum electrodynamics scheme, etc. In particular, in the cold ion-trap QC, it has good scalability and small decoherence rate, and much effort has been made toward this direction [6] [7] [8] [9] .
In the QC driven by coherent field, the field used for controlling the computation is usually taken as classical. Actually, the field is a quantum system itself, then when it is quantized strictly in the physical system of QC, results different from that of classical treatment of the field may arise. There are generally two ways to take into account the quantum nature of the driving field. One is to add quantum fluctuation to classical treatment of laser field [10] . There are many operations in QC, then whether this method is valid in the case of quantum computation is still to be considered. The other method to consider the quantum nature of driving field is to strictly quantize the laser field and work out the exact result [11, 12] . In [11] , they combined the limitation given by the quantum nature of the field with the threshold theorem in fault-tolerant quantum computation, and gave the concept of permitted depth of logical operation, which limits the number of operations on any physical qubit in one error-correction period; in [12] , for Rabi oscillation of a two-level system driven by a quantized pulse train, one application of which is QC, they develop a model to deal with the system, give an algorithm to solve with any given precision the complicated infinite sums resulting from the model above, and get some meaningful results about this basic physical interaction. Then for ion-trap QC, they calculate the failure probability after a kπ pulse train, and estimate the upper bound of controlled-NOT (CNOT) operation number in Cirac-Zoller scheme.
There are actually five steps in Cirac-Zoller CNOT scheme, but in [12] , they only calculate failure probability of one step, and take it as the lower bound of the failure probability after one CNOT operation. Then the failure probability after repeated CNOT operations they calculate is smaller compared to the exact one, resulting a larger upper bound for operation number. In this paper, we calculate the exact failure probability after repeated CNOT operations, and give a smaller upper bound for operation number. This paper is arranged as follows: in Section ??, we describe the model of cold ion-trap QC, upon which further discussions are based. In Section 3 we obtain the state of the qubits after one CNOT operation. In Section 4 failure probability after many CNOT operations is calculated. In Section 5 we give out some discussions. In Section 6 some conclusions are reached.
Modeling

CNOT gate in Cirac-Zoller scheme
We consider the implementation of CNOT gate in Cirac-Zoller scheme. There are five steps in one CNOT gate, in each step, a kπ pulse is used, whose duration satisfies gt 0 √n = kπ/2 [13] , heren is mean number of photons in the pulse.
For each ion, the two levels of the qubit are denoted as |0 and |1 ; an auxiliary level |aux is also needed when implementing CNOT gate. Suppose xth ion is the control qubit, yth ion is the target qubit, and the phonon of center-of-mass mode is the bus qubit. Denote ω 0 the frequency difference between |0 and |1 , and ω t the phonon frequency, then the five steps are [5, 14] :
(1) Apply a π/2 pulse to the yth ion, the frequency ω satisfies ω = ω 0 , and the laser phase is φ = −π/2;
(2) Apply a π pulse to the xth ion, ω = ω 0 − ω t , and φ = 0; (3) Apply a 2π pulse to the yth ion, ω = ω − ω t , here ω is the frequency difference between the ground state |0 and the auxiliary state |aux , and φ = 0; (4) The same as step (2); (5) Apply a π/2 pulse to the yth ion, ω = ω 0 , and φ = π/2. Then we can see that for each step of one CNOT gate, the system is comprised of a two-level ion, motional degree of freedom (phonon) and a laser field (in free space), and the interaction time is within one Rabi period.
The model
The model in [15] gives an all-quantized Jaynes-Cummings model(JCM) [19] for a cold trapped ion. The system they consider consists of a twolevel trapped ion satisfying the Lamb-Dicke limit and the strong confinement limit [16] [17] [18] , and a single-mode quantized radiation field. The term "allquantized" means that not only the motional degree of the ion is quantized, but also the radiation field is quantized.
The system we are dealing with is a little different from that of [15] : the laser field in our case is in the free space, thus is a multi-mode field. The laser field in [15] is in cavity, then only contains one mode. According to [12] , for the purpose of estimating the upper bound of CNOT operation number, it is valid to use JCM for free-space case. Then the model in [15] can be applied to the problem here.
For each step of Cirac-Zoller scheme, the Hamiltonian in the interaction picture is
where Ω is the coupling parameter between ion and radiation, θ accounts for the relative position of the CM of the ion to the standing wave, a † ,a are the creation and destruction operators of the radiation field, b † ,b are the creation and destruction operators of the CM vibrational phonons, σ + and σ − are the raising and lowering operators of the two-level ion. Taking the rotating-wave approximation, there are two important cases that we are interested in: 1. Carrier excitation with ω = ω 0 , with
where g = Ω sin θ, the corresponding unitary operator is
If the initial state is |ϕ(0) = |0 ion |n l (ion represents atom, and l represents laser), then
Similarly, if the initial state is |ϕ(0) = |1 ion |n l , then
2. Red sideband excitation with ω = ω 0 − ω t , then
where g = 1 2 ηΩ cos θ, the unitary operator is
For example, if the initial state is |ϕ(0) = |1 ion |0 ph |n l (ph represents phonons), then
State of the qubits after one CNOT gate
For the xth ion, the two-level system we choose as the qubit has levels |0 x and |1 x ; for the yth ion, in addition to the two-level system containing |0 y and |1 y , it also has an auxiliary level |aux y to complete CNOT operation. For the phonon, the two levels used as qubit are denoted as |0 ph and |1 ph . Then for the system of xth ion, yth ion and phonon, the initial state is generally superposition of the 12 computational basis:
Generally, the phonons are cooled to |0 initially in experiment, and the state of ions is relative simple, then the coefficient of some terms in Eq. (3) may be zero. However, for the purpose of getting the quantum transformation of the qubits after one CNOT gate, it is necessary to let the initial state to be the general state in Eq. (3), so as to obtain the right transformation.
The single-mode quantized coherent field can be written as |ψ
. This expression is summed over n, then it seems unnecessary to label the state with n. However, because the laser fields are different in each step of one CNOT gate, the parameter n can be seen as a way to distinguish the fields. Then for the first step of CNOT gate, the initial state can be written as |ψ (0) = |ψ(0) ⊗ |ψ (m) l .
[
Step 1] The interaction is carrier excitation, then the unitary evolution operator U 1 (t) in Eq. (1) is applicable. The laser field and the yth ion are evolved. The duration t 1 of π/2 pulse satisfies gt 1 √m = π/4, and φ = −π/2. We first obtain
and
Let the state of the whole system (xth ion, yth ion and the phonon) after step 1 be |ψ (1) a , then we can obtain the expression of |ψ (1) a , because it is lengthy, it is given in Appendix Appendix A. (The treatment to the expressions of states after step 2 to step 5 is similar.)
The interaction is red sideband excitation, then the unitary evolution operator U 2 (t) in Eq. (2) is applicable. A second laser field, the xth ion and the phonons are evolved. For this step, the initial state can be written as
l . The duration t 2 of π pulse satisfies gt 2 √n = π/2, and φ = 0. From
we can obtain the state of the whole system after step 2 |ψ [
Step 3] The interaction is red sideband excitation, then the unitary evolution operator is U 2 (t) in Eq. (2) . A third laser field, the yth ion and the phonons are evolved. For this step, the initial state can be written as
l . The duration t 3 of 2π pulse satisfies gt 3 √p = π, and φ = 0. From
we obtain the state of the whole system after step 3 |ψ 
[Step 4]
This step is the same to step 2. Assume the state of the field is |ψ
we can obtain the state of the whole system after step 4 |ψ
This step is similar to step 1. Assume the state of the field is |ψ (r) l = ∞ r=0 c r |r l , then we can obtain the state of the whole system after the step 5 |ψ
(1) e = |ψ (1) . (The expression of |ψ Then the density matrix after one CNOT gate is ρ
|. This matrix contains the information of the qubits (xth ion, yth ion and phonon) and the field, but we are interested only in the qubits. Thus we trace out the five fields and obtain the reduced density matrix ρ (1) , which describe the state of xth ion, yth ion and phonon. It has 144 elements, the simplest elements is:
There are 42 sums like S i (i = 1, · · · , 10) above in ρ (1) , and all these sums can be calculated accurately using the algorithm in [12] , which can achieve any given precision. The value of S i (i = 1, · · · , 10) are shown in Table. 1, heren = 10 4 , k = 2.
4. Failure probability after many CNOT operations
Quantum transformation after one CNOT operation
Consider the state transformation for the qubits after one CNOT operation with initial state 0.500029451785967996373664444500 step 1 of CNOT gate, the operator-sum representation of hyperoperator E in quantum open system has the result ρ
, here ρ is straightening of matrix ρ. Similarly, if we let the corresponding matrix of step 2 to step 5 be M 2 ,M 3 ,M 4 ,M 5 , then
Calculation of M
According to the previous calculation, ρ (0) , ρ (1) are both 12 × 12 matrices. Then ρ (0) , ρ (1) are 144 × 1 column vectors. From Eq. (4), we can see that the matrix M related to one CNOT operation is of the size 144 × 144. We need to determine the 144 × 144 elements.
From Eq. (4), we can only get 144 equations from the rule of matrix multiplication. Examine each equation, because α 1 , · · · , α 12 is any set of complex numbers with modular square sum 1, then the coefficient of α 1 α * 1 , α 1 α * 2 , · · · , α 12 α * 12 should be the same on both sides of each equation. Finally we have 144 × 144 equations in all, which is sufficient to determine M . We find that M has no relation with α i (i = 1, · · · , 12), thus is independent of initial state.
Final state and failure probability
Once M is obtained, from ρ (1) = M ρ (0) , we can get the state after t times of CNOT operation
is obtained. In Cirac-Zoller's CNOT scheme, the phonons are cooled to state |0 ph in the beginning. The xth ion and yth ion are generally in the superposition of computational basis {|0 x |0 y , |0 x |1 y , |1 x |0 y , |1 x |1 y }. Thus the actual initial state of CNOT operation is
, we are interested in the state of ions, then we can trace the freedom of phonons out to get ρ (t) . The actual final state is ρ (t) = ρ (t) | α 5 ,··· ,α 12 =0 . To obtain the failure probability of CNOT operation, we first need to know the expected state. It can be written as |ψ e = α 1 |0 x |0 y +α 2 |1 x |0 y +α 3 |0 x |1 y +α 4 |1 x |1 y when the number of CNOT operations is even. When the operation number is odd, the expected state is |ψ e = α 1 |0
The success probability is p s = ψ e |ρ (t) |ψ e , then the failure probability is p f = 1 − p s .
The logarithm of failure probability to operation number in the cases of different initial state and mean number of photons are plotted in Fig. 1 . In each figure, the curve above representsn = 10 6 and the curve above representsn = 10
8 . The initial states in (a) to (e) are |0
, respectively. Then we can see that failure probability is proportional to operation number, and inverse proportional to mean number of photons. It is different for different initial states: if the initial state is |1 x |0 y or |1 x |1 y , the failure probability is relatively large; if the initial state is |0 x |0 y or |0 x |1 y , the failure probability is relatively small. If the initial state is a superposition of the four states above, then the same rule works: if the amplitude of |1 x |0 y or |1 x |1 y is large, then the failure probability is large; however, if the amplitude of |0 x |0 y or |0 x |1 y is large, then the failure probability is small. 4.4. Failure probability when the limitation ton in sideband transition is considered For the failure probability obtained in Sec. 4, we cannot decrease the error by simply increasing mean number of photons. As is known, a large mean number of photons means a more intense laser. Then there is a limitation in A strong field may force the electron in the ion out of the nucleus' bounding, then destroy the quantum computation system. Besides, the devices may not work after the strong laser goes through it. Our former work shows that for sideband transition, the mean number of photons cannot be more than 10 4 when the wavelength is of the order 10 −6 m [12] . From Sec. 3, the transition in step 2 to step 4 are sideband transition. Then we assume step 1 and step 5 are accurately implemented, and take into account the limitation to mean number of photons in step 2 to step 4. Using the method in Sec. 4 and 5, we get the lower bound of failure probability. The result is whenn = 10 4 and the initial state is |1 x |0 y or |1 x |1 y , after 10 2 times of CNOT operations, failure probability reaches 10 −2 . The failure probability under other initial states is relatively smaller, but no less than 10 −4 .
Discussion
The permitted depth of CNOT operations in Cirac-Zoller scheme
The threshold theorem in quantum computation declares that an arbitrarily long quantum computation can be performed reliably if the failure probability of each quantum gate is less than a critical value. The recognized maximum threshold is 10 −2 [21] . Then when λ = 10 −6 m,and the initial state is |1 x |0 y or |1 x |1 y , the number of CNOT gates on the same pair of physical qubits should be no more than 10 2 in one error-correction period, or else the computation cannot be implemented reliably. For other initial states, the number of CNOT operations also has limitations. This result can help to determine the number of CNOT operations on the same pair of physical qubits between coding and decoding in one error-correction period. [12] 5.3. The reason to calculate the failure probability after repeated CNOT operations 6. Conclusion
Difference between this paper and
Firstly, we obtain the exact expression of failure probability from field quantization after many CNOT operations in Cirac-Zoller scheme. Using the operator-sum representation of hyperoperator in quantum open system, we obtain the quantum transformation of the qubits after one CNOT operation, then the state after many CNOT gates can be obtained. Comparing the actual result with expected states under semiclassical treatment, we can obtain the failure probability after many CNOT operations. The conclusions we arrive at are: failure probability is proportional to operation number and the amplitude of |1 x |0 y or |1 x |1 y in initial state, and inverse proportional to mean number of photons and amplitude of |0 x |0 y or |0 x |1 y in initial state.
Secondly, we calculate the failure probability when the limitation ton in sideband transition is considered. Assuming the carrier transition is accurately carried out, we calculate the lower bound of the failure probability in the practical case. The result is when the initial state is |1 x |0 y or |1 x |1 y , after 10 2 times of CNOT operations, failure probability is no less than 10 −2 . The failure probability under other initial states is relatively smaller, but no less than 10 −4 . Then when the initial state is |1 x |0 y or |1 x |1 y , the number of CNOT gates on the same pair of physical qubits should be no more than 10 2 in one error-correction period, or else the computation cannot be implemented reliably. For other initial states, the number of CNOT operations also has limitations.
The conclusions the article arrives at can help determine how many CNOT operations on the same pair of physical qubits are permitted during one error-correction period in fault-tolerant quantum computation under certain initial state. Then this can be a reference for people designing quantum circuit or quantum algorithm, which is important to future study on both theory and experiment. 
[State after step 2]
l |1 x |aux y |1 ph . l |1 x |aux y |1 ph + A 4 (m)(α 4 A 6 (n) + iα 9 A 7 (n)) |0 x |aux y |0 ph
